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Abstract. The expressions of the coupling coefficients (Sj-symbols) for the most 
degenerate (symmetric) representations of the orthogonal groups SO(n) in a canonical 
basis (with SO(n) restricted to SO(n — 1)) and different semicanonical or tree bases 
[with SO(n) restricted to SO(n')xSO(n"), n' + n" — n] are considered, respectively, 
in context of the integrals involving triplets of the Gegenbauer and the Jacobi 
polynomials. Since the directly derived triple-hypergeometric series do not reveal 
the apparent triangle conditions of the 3j-symbols, they are rearranged, using their 
relation with the semistretched isofactors of the second kind for the complementary 
chain Sp(4)DSU(2)xSU(2) and analogy with the stretched 9j coefficients of SU(2), 
into formulae with more rich limits for summation intervals and obvious triangle 
conditions. The isofactors of class-one representations of the orthogonal groups or class- 
two representations of the unitary groups (and, of course, the related integrals involving 
triplets of the Gegenbauer and the Jacobi polynomials) turn into the double sums in 
the cases of the canonical SO(n)DSO(n — 1) or U(n)DU(n — 1) and semicanonical 
SO(n) DSO(n — 2)xSO(2) chains, as well as into the 4^3(1) series under more specific 
conditions. Some ambiguities of the phase choice of the complementary group approach 
are adjusted, as well as the problems with alternating sign parameter of SO (2) 
representations in the SO(3)dSO(2) and SO(n)DSO(n - 2)xSO(2) chains. 
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1. Introduction 

The coupling (Clebscli-Gordan) coefficients and 3j-symbols (Wigner coefficients) of the 
orthogonal groups S0(?7,), together with their isoscalar factors (isofactors) , maintain 
great importance in many fields of theoretical physics such as atomic, nuclear 
and statistical physics. The representation functions in terms of the Gegenbauer 
(ultraspherical) polynomials are well known for the symmetric (also called most 
degenerate or class-one) irreducible representations (irreps) of SO(n) in the spherical 
coordinates (Vilenkin P) on the unit sphere Sn-i- In particular, the explicit Clebsch- 
Gordan (CG) coefficients and isofactors of SO(n) in the canonical basis for all three 
irreps symmetric were considered by Gavrilik j2], Kildyushov and Kuznetsov ^ (see 
also jlj) and Junker [S], using the direct [21 IS] or rather complicated indirect E] 
integration procedures. 

Norvaisas and Alisauskas [H] also derived triple-sum expressions for related 
isofactors of SO(ri) in the case of the canonical (labelled by the chain of groups 
SO(n) DSO(n — 1)) and semicanonical bases (labelled by irreps /, /" of the group chains 
SO(n) DSO(n') xSO(?T,"), n' + n" = n, in the polyspherical, or the tree type, coordinates 
[HllllZI); exploiting the transition matrices [Hj (also cf jH]) between the bases, labelled by 
the unitary and orthogonal subgroups in the symmetrical irreducible spaces of the U(n) 
group. They observed [01110] that isofactors for the group chain SO(n) DSO(n') xSO(n") 
for coupling of the states of symmetric irreps /i, I2 are the analytical continuation of the 
isofactors for the chain Sp(4)DSU(2)xSU(2), 

h h [L1L2] 



= (-1)' 



(nin'n") 

-2L'2-n' -2L[-n'\ / -2L'^-n" ^2L'{-n"\ / -2L2-n -2Li-n 



4 4/\4 4/\4 4 

-2l!2-n' -2V(~n" ~2l'^-n" -2h-n ~2h-n 



(i.e. they coincide, up to phase factor (—1)"^, with the isofactors for the non-compact 
complementary group [11-13] chain Sp(4,i?)DSp(2,i?) xSp(2,i?) in the case for the 
discrete series of irreps). Particularly, in special multiplicity-free case (for L2 = L'2 = 
L2 = 0, when the label 7 is absent), isofactors of SO(n) DSO(n — 1) correspond to 
the semistretched isofactors of the second kind [H] of Sp(4)DSU(2)xSU(2) (see also 

mm- 

However, neither expressions derived by means of the direct integration [2 13] , nor 
expressions derived by the re-expansion of states of the group chains jOl 1101 reveal 
the apparent triangle conditions of the 3j-symbols in these triple-sum series. Only the 
substitution group technique of the Sp(4) or S0(5) group [T^, used together with an 
analytical continuation procedure, enabled an indication jOlEUE] of the transformation 
of the initial triple-sum expressions of jO] into other forms, more convenient in the cases 
close to the stretched ones (e.g. for small values of h + h — h, where I3 = Li) and turning 
into the double sums for the canonical basis, the SO(n) DSO{n — 2)xSO(2) chain and 
other cases with specified parameters l'{ + I2 — l'^ = Q (where I'l = Lf) . More specified 
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isofactors of S0(?2) dS0(?2 — 1) (TH] are related to 6j coefficients of SU(2) (with some 
parameters being multiple of 1/4 in the case where n is odd). 

Unfortunately, the empirical phase choices of isofactors in [HI [El 113 EE]! were not 
correlated with the basis states (cf. [HllllIH]) in terms of the Gegenbauer and the Jacobi 
polynomials. Some aspects of the isofactor symmetry problem were also left untouched, 
e.g. the problem of the sign change for irreps m of the SO (2) subgroups (which was 
not revealed in pmiH] for the states of SO(3)dSO(2) and SO(n)DSO(n - 2)xSO(2) 
either), as well as the indefiniteness of the type (2/" + n" — 2)(n" — 4)!! for /" = 0, n" = 2 
in numerator or denominator. 

Presentation of the unambiguous proof of the most preferable and consistent 
expressions for the 3j-symbols of the orthogonal SO(n) and unitary \J{n) groups for 
decomposition of the factorized ultraspherical and polyspherical harmonics (i.e. for 
coupling of three most degenerate irreps into scalar representation in the cases of the 
canonical and semicanonical bases) is the main intention of this paper (cf [2-6, 16]) and 
is impossible without including a comprehensive review of some adjusted previous results 
00 ^5 El; since some references [2-4, 6, 15] may be not easily accessible nor free from 
misprints. However, the main goal of this paper is a strict ab initio rearrangement of the 
most symmetric (although banal) finite triple-sum series of the hypergeometric-type in 
the expressions of the definite integrals involving triplets of the multiplied Gegenbauer 
and Jacobi polynomials into less symmetric but more convenient triple ()3.2ej) . double 
()3.6c|) . or single ()3.105|) sum series with summation intervals depending on the triangular 
conditions of the corresponding 3j-symbols. 

The related triple-hypergeometric series, appearing in the expressions for the 
semistretched isoscalar factors of the second kind of the chain Sp(4)DSU(2)xSU(2), are 
considered in section 2, together with their ab initio rearrangement using the different 
expressions JH] for the stretched 9j coefficients of SU(2). (These triple sum series may 
be treated as extensions of the double-hypergeometric series of Kampe de Feriet |2II1 
type, e.g. considered by Lievens and Van der Jeugt 

Well known special integral involving triplet of the Jacobi polynomials Plf'^\x) 
1221123 in terms of the Clebsch-Gordan coefficients of SU(2) (cf [1]) 

may be derived only in frames of the angular momentum theory [24-26], when 
and 

aa = ma-na, Pa = ma+na, ka = la-ma] 

X Note that the phase factor (— (where g > e) should be omitted on the right-hand side of 
expression (5.7) of fTS' for recouphng (6Z) coefficients of SO(n), in contrast with (5.5) of the same paper. 



m\m,2im'j, nin2nz ' 



1.2) 
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are non-negative integers. Unfortunately, quite an elaborate expansion jSl E] of two 
multiplied Jacobi or Gegenbauer polynomials in terms the third Jacobi or Gegenbauer 
polynomial in frames of p.2|) gives rather complicated multiple-sum expressions for 
integrals involving the ultraspherical or polyspherical functions in the generic S0(?2) 
or U(n) case. In section 3, the definite integrals involving triplets of the multiplied 
unrestrained Jacobi and Gegenbauer polynomials at first are expressed using the direct 
(cf I21IS1) integration procedure as the triple-sums in terms of beta and gamma functions. 
Later they are rearranged to more convenient forms, with fewer number of sums, or at 
least, with richer structure of the summation intervals (responding to the triangular 
conditions of the coupling coefficients) and better possibilities of summation (especially, 
under definite restrictions or for some coinciding parameters). 

In section 4, some normalization and phase choice peculiarities of the canonical basis 
states and matrix elements of the symmetric (class-one) irreducible representations of 
SO(n) are discussed. Then we consider the corresponding expressions of 3j-symbols 
and Clebsch-Gordan coefficients of SO(n), factorized in terms of integrals involving 
triplets of the Gegenbauer polynomials (preferable in comparison with results of jH]) 
and extreme (summable) 3j-symbols, together with the alternative phase systems. 

In section 5, the semicanonical basis states and matrix elements of the symmetric 
(class-one) irreducible representations of SO(n) for restriction SO(n) DSO(n') xSO(n") 
(n' + n" = n) are discussed. The corresponding factorized 3j-symbols and Clebsch- 
Gordan coefficients, expressed in terms of integrals involving triplets of the Jacobi 
polynomials and extreme 3j-symbols, are considered, together with special approach 
to the n" = 2 and n' = n" cases. 

The spherical functions for the canonical chain of unitary groups U(n) DU(n — 
1)xU(1)d ■ ■ ■ dU(2)xU(1) dU(1) correspond to the matrix elements of the class- 
two (mixed tensor) representations of U(n), which include scalar of subgroup U(n — 1) 
(see |1]). The factorized 3j-symbols of U(?7.), related in this case to isofactors of 
S0(2n) DS0(2n — 2)xSO(2) and expressed in terms of special integrals involving triplets 
of the Jacobi polynomials, are considered in section 6. 

In Appendix A, some special cases of the triple-sum series, used in section 2, are 
given as turning into the double- or single sum series for some coinciding values of 
parameters. An elementary proof of our main expression ()3.2e|) for integrals is added as 
Appendix B. 

2. Semistretched isoscalar factors of the second kind of Sp(4) and their 
rearrangement 

Here the irreducible representations of Sp(4) will be denoted by (KA), where the pairs 
of parameters K = /max, A = Jmax correspond to the maximal values of irreps / and 
J of the maximal subgroup SU(2)xSU(2) (see 1311711211) and to the irreps of S0(5) 
with the highest weight = [K + A, K — A]. Below we consider the triple series 
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shown in where the following expression for the semistretched isoscalar factors of 
the second kind (with the coupled and resulting irrep parameters matching condition 
Ki + K2 = K) for the basis labelled by the chain Sp(4)DSU(2)xSU(2) was derived: 

IiJi I2J2 I J 

= (_l)A,+A,-A [(2/^ ^ ^)^2Ji + l)(2/2 + 1)(2J2 + 1)(2A + 1)]^/' 

nLi(2i^a - 2Aa)K2Ka + l)!(2ir, + 2A, + 2)! ^ 



{2Ki + 2K2 - 2A)!(2iri + 2K2 + l)\{2Ki + 2K2 + 2A + 2)! 
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Here llj coefficient 
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E{Ki + 7^2 + A, /, J) 



n^=l E{Ka + A„, 4, Ja)V{Ka - Aa, h, Jo) 



X 



V{K, + K2-A,f J) 
V(//i/2)V(JJiJ2)V(AAiA2) 



Ki h Ji Ai 
K2 I2 J2 A2 
K1 + K2 I J A 



(2.2) 



(which does not belong to 3nj coefficients of the angular momentum theory) is expressed 
in terms of the triple-sum S [■ ■ ■] and is invariant under permutations of the three right- 
hand columns, when the transposition of the first two rows gives the phase factor 



^_-|^^/i+/2-/+Ji+J2-J+Ai+A2-A 

In fj2.2|) and further we use the notation 



V(a6c) 



(a + 6 - c)!(a - b + c)\{a + b + c + 1)! 



1/2 



(6 + c-a)! 

T{a + b-c+ l)r(a - 6 + c + l)T{a + 6 + c + 2)^ 
r{b + c - a + 1) _ 



and 



E{abc) = [{a-b-cy.{a-b + c+ l)!(a + 6 - c + l)!(a + 6 + c + 2)!]^^^ 



(2.3) 

(2.4a) 
{2Ab) 

(2.5) 



Now we present different expressions of the triple sum S[- 



that appear in ()2.2|) : 



J? J? 

J2 J2 J2 



K2 

Ki + K2 f f 



E 



Xi,X2,X3 



'j'+f+f-K,-K2' 



^ 11 



a=i a;J(jf + jf-J"-a;a)! 



(2.6a) 
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x^^,. X3\{j!+jl-f-Xs)\v\{jl+J^-f-v)\{jl+J^+f-V + l)\ 



{2jI - vy.{2jf - u) 



(j2 + jI + f - ii - K2 + X3- v)\u\{jf + il - p - u)\ 
(ji + j2 +f-u + iy.{ji + ii + ii -Ki-x3-uy 

[Jl + J2 — J )■ a=l 

^ TT (^il ~ -^a)- 

xi:fex3 ail ^aKjl + J2 " P ' ^ayijf + JI + P - Xa + ly 



{2.6b) 



(-1)^3(2^3 _ ^3)!(j-3 _ ^-3 ^ ^3 ^ ^3), / ;^^_^-l_^-2+ J \ 

a:3!(j? - j1 + f - xsy [eLiU? - Xa) - kJ • ^ ' 

For rearrangement of ()2.6aj) into ()2.6cp we used the different expressions of the stretched 
9j coefficients We transformed the double sum over Xi,X2 in ()2.6ap into the sum 
over u,v in ()2.66|) using relation (Cla)-(Clc) of (THj and later the double sum over 
v,Xs in ()2.6?)|) into the sum over Xi,Xs in ()2.6c|) using relation (Cl/)-(C16) of [1^1 and 
replacing m by X2. (The related transformations for the double hypergeometric series of 
Kampe de Feriet-type [20] are also considered by Lievens and Van der Jeugt 

We see that all three summation parameters are restricted by jl +jf +jf — Ki, or by 
jl+jl+jl-K2 in (jTKfljl . as well as by jl+il+jl-Ki, or by Ki+K2-p-p+f in ^IT^ 
[respectively, by jg+jl+jf— i^2 5 or by Ki+K2+p—i^—i\ {i, k,l = 1, 2, 3) in the different 
versions of ()2.fjcj) . related by symmetries]. In other cases the interval for the linear 
combination of summation parameters X1 + X2+X3 is restricted hj — K1 — K2 

in (j2IS3), as well as by K2 - jl - j| + j| in (|2iiJ [respectively, by Ka + H - £ + 
{i,k,l = 1,2,3; a = 1,2) in the different versions of ()2.6c|) . related by symmetries]. 
Hence, there are five possibilities of the completely summable expressions for S[- ■ ■] and 
seven cases when they turn into double sums, dissimilar with nine cases, related to the 
stretched 9j coefficients 1211 • 

For our further applications, it is more convenient to write relations ()2.(jaj) - ()2.(icj] 
(divided by na=i(i'* ~ ii + i2)Kj" + Ji ~ if)') another parametrization: 

«o,/?o a2,/?2 a3,/?3 



S 




{2.7a) 



-ELl[^a + |(«a + /9a)]-2\ 
-ELlil/3a + Za)-l ) 
^a)zai. Pa)ka—Za 

f-{2ki + a,+(3, + 2)\ y _p.+,^+,^+,J p'l \ 

^ (k, + l),Xk^ + /3^ + l)., yr ( -^g " /?a).„ (fcg + «a + + l)fc,-.„ 

Zi\{2ki + ai + f3i + 2),^ zj{ka-zay ' ^' ' 
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n-l 



Ylic + k) 



k=0 



T{c + n) 
Tic) 



and binomial coefficients, which arguments are the non- negative integers. Here 11 
parameters of (j2.6aj) and (j2.6cp are replaced by 

fci = Ji + /a - /, k2 = J1 + J2- J, fcs = Ai + A2 - A; 

ao = -2^2 - 1, tti = -2/2 - 1, 02 = -2J2 - 1, "3 = -2A2 - 1; 

Po = -2Ki-l, p, = -2h-l, /?2 = -2Ji-l, /?3 = -2Ai-l, 

with the non-negative integers 

P'i = + Pk- Pi- Po), Pi = + Ofc - «j - «o), 
p. = /c^. j^kk- ki+p[+ p'- {i, j, k = 1,2, 3) 

and arguments of binomial coefficients, although parameters aj and jSj [j = 0,1,2,3) 



here are negative integers. Actually, expression (j2.7&|l may be written in three versions. 



3. Integrals involving triplets of Jacobi and Gegenbauer polynomials 

It is convenient for our purposes to use the two following expressions for the Jacobi 
polynomials (cf (16) of section 10.8 of 2.2, and chapter 22 of [^): 



X 



2-^^ ^ ^ ""l;;^ ^^^,^^'"'" (-i)"^(i + x)™(i - x)"-"" 



;-i)'^E 



m\{k — m)\ 
{-k-a)„,{k + a + p + l)k- 



1 — X 



k—m 



(3.1a) 
{3.1b) 



m\{k — m)\ V 2 

where a > —1,P > —1. 

We introduce the following expressions for the integrals involving the product 
of three Jacobi polynomials pI"^'^^\x), pI^'^'^^\x) and Plf^^'^^\x) with a measure 
dependent on > —1, /3o > — 1 and integers — ao > 0, — /5o > (a = 1, 2, 3): 
. 1 



dx 



-1 



^ ^ ^ a=l 

ao,Po Oil, Pi a2,P2 a3,P3 
ki k2 k^ 

PQ,aQ Pi,ai P2,a2 P3,<y3 

ki k2 k3 

3 3 
B ( l-|/?o+ E ilPa + Za), l-|ao+ E (|«a + A;a-2a; 



(-1) 



fcl+fc2+fc3 



X 



(3.2a) 
(3.25) 



21,2:2,23 
3 

a=l 



a=l a=l 
(_l)2a(_/,^ - aa).„(-A;a - /5a)fc.-2, 



3 3 
J2 B ( 1 - i/3o + i E /5a, 1 - |aO + E (|aa + - ^a) 



(3.2c) 



21,22,23 



a=l 



a=l 
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zHk -Z V ^ ^ ^ 

a=l ^aA"'a ^aj- 

= B(fc, + a, + l,A;, + A + l) ^ ^_i)n-P'l+zr+z,+z, 

( Pi + + A + 

- 2;i - 2:2 - 2:3/ ^i!(2A;i + + A + 2)2, 

TT (~^a ~ Pa)za{ka + Oiq + Pa + l)ka-Za /„ „ x 

11 zHk -Z V ' ^ 

a=j,k;ay^i ^a-yl^a ^a)- 

where the hnear combinations (triangular conditions) 

P'i = + Pk- Pi- Po) > 0, Pi = + afc - - "o) > 0, 
Pi = kj + kk - ki + p'i+ Pi >0 {i, j, k = 1,2, 3) 

are integers. These integrals would otherwise vanish. Two first expressions ()3.2c|) and 
()3.2dj) (including (fci + l)(fc2 + 1)(^3 + 1) terms each) are straightforward to derive using 
expressions (13. lap or ()3.1?)|) and definite integrals (see equation (6.2.1) of |2S1) in terms 
of beta functions B{x,y) = T{x)T{y)/T{x + y). However, vanishing of integrals ()3.2aj) 
under spoiled triangular conditions is only seen directly in the estimated final expression 
()3.2e|) . which cannot be derived in a similar manner as (IT^ and (lOdfl . 

Although parameters Pa (a = 0,1,2,3) accept the mutually excluding values 
in the sums S[- ■ ■] and X[- ■ ■], we only see the one-to-one correspondence of the 
analytical continuation between series ()2.7aj) and ()3.2cj) , as well as between series ()2.75|) 
and ()3.2e|l . if the corresponding binomial coefficients of ()2.7aj) and (j2.7&jl depending 
on all negative (integer or half-integer) parameters are replaced in ()3.2c|) and ()3.2e|) . 
respectively, by the beta functions. The possible zeros or poles of iS[- ■ ■] for parameters 
of the definite binomial coefficients accepting negative integer (or half-integer) values 

may be disregarded, if the functions S[- ■ ■](^~'^f~^^°f^'^^^ and T[- ■ ■]B~-'^(q;o + 1,Po + 1) 
are considered. Observing that the ratio of the binomial coefficients 

-1 




with negative integers a, b, c, d in equation (j2.7aj) - ()2.75|) turns into ratio of the beta 
functions 

B(a + 1,& + 1) 
B(c+l,c/+l) 

with parameters a,b,c,d > —\ in relation (j3.2cp - (j3.2e|) . expression (j3.2e|) for integral 
X [• ■ •] is proved. An advantage of our new expression ()3.2ep is in the restriction of all 
three summation parameters Zi + Z2 + z^ by the triangular condition pi, in contrast 
with ()3.2c|) or ()3.2djl . Alternatively, the linear combination of summation parameters 
Pi — Zi — Z2 — > is restricted in addition by p'l (or by p^, if some symmetry is 
applied) only in the ith version of ()3.2ej) . Hence, there are three cases when expressions 
for integral X [• • ■] are completely summable and six cases when they turn into double 
sums, in addition to the double sums which appear for fc^ = (a = 1,2,3). However, 
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factorization of (j3.2c|) - (|3.2ep for = [3q = 0, a, = aj + a^, A = [3j + (5k into a product 
of two CG coefficients of SU(2) is not straightforward to prove. 

For ao = and as = ai + 0:2, the integrals involving the product of three Jacobi 
polynomials ()3.2ep turn into the double sums ()3.3a|) or ()3.36|) 



J 



X 



E 



^2 ^3 

(^3 + l)p3_2-^_^2 



B(fc3 + ai + as + 1, ^3 + /?3 + 1) 
(A;3 + /?3 + 



/'P3-2l-^2 



(P3 - 2:1 - Z2)\{2k^ + ai + aa + /33 + 2)p, 



^ -Q {-kg - Pa)zaika + aa + Pa + l)fc„ 

B{ki + ai + l,ki+Pi + 1) 



P3-21-2:2 



(3.3a) 



E 

^2,23 



^A;2 + 0:2^ 



^ (/C2 + a2 + /32 + 1 - 2;2)fc2 i-k3 - P: 



3)Z3 



X 



(fca + 03 + /53 + 1) {ki + 1) 

P1-Z2-Z3 

{ki + (3i + l)p. 



IP1-Z2-ZZ 



(pi-Z2-^3)!(2A;i + «i+A + 2V-.2-,3 ' ^^'^^^ 

both related to the Kampe de Feriet [20] functions -Fg^.f . It is evident that the triple 
series fj3.2c|) and ()3.2dj) with = may be also extended to the negative integer values 
of a2, 

0,/5o a2,(32 a^^f^z 



I 



ki k2 ks 

, ,,^JA;2 + a2)!(A;2 + /32) 



-J 



0,/5o -a2,/52 a3,/53 

kx k2 + ^2 fcs 



(3.4) 



k2\{k2^a2^ (^2) 

with invariant values of and ^3. Hence, using fj3.3a|) for the right-hand side of ()3.4|) . 
the left-hand side of (j3.4p may be expressed as the double sum for a^, = a\ — 02 and 
()3.36|) may be derived after interchange of and kj^a-i^fij,. 

The Gegenbauer (ultraspherical) polynomial C^(cos6') may be expressed as the 
finite series P^^^, or in terms of special Jacobi polynomial (cf 122 J 

^ (-l)-(p), 



<^fc(cos 



)k-m r,k-2m 



cos'^-2'" e 



m=0 



m\{k — 2m)! 



(3.5a) 



(3.5&) 



(p+l/2).^'= 

where [k/2] is an integer part oi k/2 and (j3.5&|l includes almost twice as many terms as 

Now we may express the integrals involving the product of three Gegenbauer 
polynomials Cl^^^J"^ ^(2;), Cl^^^^J"^ ^{x) and C\^^^^J'^ \x) as follows: 

3 



/ 



d^(sin ^)';+'^+'^+"-2 -Q c^i^-^^^ , 



i=l 



Zl,Z2,Z3 



Y: B{l{l[ + l', + l', + n-l),l+i[l{L-Q-Zg 

a=l 
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3 (_l)..2'--/^2..(^,^^/2-l)z^_z. 

xJi 



(3.6a) 



a=l 



(V2)(Z„-/J,+5„)/2 



XJ 



1 71—3 X 1 // I n— 3 X 1 II I n—3 r 1 ;/ i n— 3 
"25— ^l~2'n + ~ (52-25*2 + — C3-2''3+ — 

Wi-^i-^i) 



{3.6b) 



l)a;+''.-'^)/2B (!(/. _ + 5^ + 1), + _ 5^ + ^ _ 1) 

(5,+5fc-5,)/2 



(V2)a„-<^+^„)/2 



-Q (C + ^/2-l)(Z„-Z^+M/2 ^ 
a=l " " ' " 



(Zj+Zfc — /j)/2 — 2:1 — 2:2 — ^3 , 



:-{la + l'a-Sa + n-3)/2)^({L + l', + 6a + n)/2-l) 



{la-l'a-Sa)/2-Za 



x( 



J 



^J((/,-/^-5J/2-2j! 

^..,+.,+.3 ((^-^ - - + 1).. ((^^ + - + r^ - l)/2), 
^ ;2,!(/i + n/2),, 

ao, cJo l[ + ao, ^1 + cJo /2 + ^o? ^2 + ^^o ^3 + f^o, ^3 + ao 



(3.6c) 



/o — I9 



h — I'n 



^2/;+z^+z^+n-2-Q (2/: + n-2),,_, 



(with ao 



ra-3 ^ 
2 > 



(3.6d) 



+ (n - l)/2),_/ 

where \{lj + h - h) > and i(/^. + - /•) > are integers. In accordance with ()3.6c|) . 
these integrals would otherwise vanish. Expressions ()3.6aj) (cf [Hj) and (j3.6cjj) (cf j2]) 
are derived directly (using definite integrals (6.2.1) of j2S| in terms of beta functions). 
Further ()3.6aj) is recognized as consistent with a particular case of ()3.2dj) ^ denoted by 
()3.66|) and re-expressed, in accordance with ()3.2dj) - (j3.2ej) . in the most convenient form 
as ()3.6c|) . where 61,62,63 = or 1 (in fact either 61 = 62 = 63 = 0, or 6a = 61, = 1, 
6c = 0) and |(/a — I'a — 6a) (a = 1, 2, 3) are integers. 

Expression ()3.6ap includes ^Y[l=i{^a — la~ 6a + 2) terms, when ()3.6dj) . used together 
with ()3.2c|) or ()3.2djl . each include na=i(^a ~ C + 1) terms; otherwise, the number of 
terms in the zth version of the most convenient formula (j3.6c|) never exceeds 



A = (Pi + 1) min 



+ l){pi -p': + 2),lU ila -l'a-6a + 2) 



where p'l = |((5j + 6k — 6i) =0 or 1, pi = |(/j + 4 — k) is an integer and i,j, /c is a 
transposition of 1,2,3. This number of terms decreases in comparison with ()3.7p in the 
intermediate region 

i min(/j - I'j - 6j, h - I'k - 6k) < Pi < - I'j - 6j + 4 - 4 - 4)- 

Actually, expression ()3.6c|) is related to the Kampe de Feriet [20] function ^2^;^^ (for 
p'- = 0) or to the sum of two such functions (when p'- = 1). Hence, after comparing 
three different versions of ()3.6cp , the rearrangement formulae of special Kampe de Feriet 
functions ^2^.^ can be derived. 

§ This is the reason why H3.2d|l is introduced. 



(3.7) 
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Now we consider more specified integrals involving several Gegenbauer polynomials. 
At first, using ()3.6c|) with i = 3 and Z2 = 82 = 0, = + I' — I3) — zi, we take 
special integral involving two multiplied Gegenbauer polynomials (where third trivial 
polynomial Co^"^^~^(x) = 1 may be inserted) in terms of the summable balanced 
(Saalschiitzian) 3^2(1) series (cf [2111201) and write: 

TV 

[sm9f'+''-'cl[tT'\cos9)Cl^'-\cose)de (3.8a) 
(_l)fe-ii+n/27r/'!(/^ + /' + ,i_3)! 



22/'+n-3(/^ - /')!(J' - /i)!(J' - /3)!r(n/2 - 1) 
T{J'-l' + n/2-l) 
r(/' + n/2-l)r(J' + n/2)' ^ ' 

where J' = i(/i + /' + /g). 

Using the expansion formula of two multiplied Gegenbauer polynomials as the zonal 
spherical functions 

rP(r)r^(r)= V {n + p)T{g + 2p)T{g-n + p) 

' ' ^^_,^T^{p)T{g + p+mn + 2p)T{g-n + l) 

T{g-l+p)Tig-k+p) 
''r{g-l + l)Tig-k + ir-^''^ ^^-y^ 

in terms the third polynomial of the same type (cf PP), where g = ^{l + k + n) is an 
integer and l + k — n is even, the special integral involving three Gegenbauer polynomials 
(with coinciding superscripts in two cases) also may be expanded in terms of integrals 
IK^i and may be presented as follows: 

TV 



~ 22/'+n-3r3(^/2 _ i)r(/' + n/2 - 1) 

(_i)(/3+^'-fc)/2(fe^^/2-l) 

k=iih\+i' V2 (/72,/3/2 + n/4-l,fc/2 + n/4-l) 
((/i + + n)/2 - 2, h/2 + n/4 - 1, k/2 + n/A - 1) 
V2 ((^1 - /')/2, /2/2 + n/4 - 1, k/2 + n/4 - 1) ^ ' 

vr/'!nLir(J-/a + n/2-l) 



22/'+n-3r(^/2 - l)r(/' + n/2 - l)r(J + n/2) 
(J + Z' + n-3-?i)! 



X 



E 



^ m!(/' - u)\{J - /i - n)!(J - /a - u)\{J - k - I' + u)\ 

(-ir 



r(n/2 - 1 + u)T{l' + n/2 - 1 - m) ' 



(3.106) 
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where J = ^{h + I2 + h) the gamma functions under summation sign in the 
intermediate formula ()3.10aj) (which is equivalent to (15) of [20]) are included into 
the asymmetric triangle coefficients ()2.46|1 . Finally, the sum in ()3.1()a|l corresponds 
to the very well-poised 7^6(1) hypergeometric series (which may be rearranged using 
Watson's transformation formula (2.5.1) of [SHI or (6.10) of ^] into balanced 4-^3(1) 
hypergeometric series) or to the 6j coefficient 



l' + ln-2 Uk + n)-2 \h 



% + \n-l U^ + \n-l 1/2 + in-l 



(3.11) 



2 2' 

2"^ I" 4^ ~" 1 2''^ ' 4'" " 2"^ ' 4' 

with standard (for n even) or multiples of 1/4 parameters, in accordance with expression 
(C3) of the 6j coefficient [32] in terms of ()2.4aj) . Using the most symmetric (Racah) 
expression ESj for (j3.1H] . the final expression ^Tmkf with single sum is derived. 
Intervals of summation are restricted by min(/', J — li, J — I2, J — h) and, of course, 
(13.10&|1 coincide with result of Vilenkin P for /' = 0. 

Comparing expansion (j3.6c|) of integrals involving triplets of the Gegenbauer 
polynomials with ()3.6dj) . we may write expression for integrals involving triplets of 
special Jacobi polynomials, with mutually equal superscripts, 

ao,ao ai,ai a2,a2 0^3, 0^3 
ki k2 ks 

[l + (_l)P.]B(l/2,A;, + «, + l) 




(3.12) 



2.,+fc,+.3+«l+«.+«3-«0+2(l/2)(,^,^,^,^/2(l/2)(,^^,^)/2 

^_lY',+(kj+Sj+kk+5t:)/2+zi+Z2+zs f i^j +^k- 5i)/2 \ 

\Pi/'^ — Zi — Z2 — Z3J 

-ka-aa)(ka+5a)/2+Za (O^g + (feg + ^a+'^)/'^){k,-^a)/2-Za 
zJ{{ka-6a)/2-Za)\ 

5.)/2 + z,\ {a. + {h-6,)/2 + l)^^ 
Zi ) {ai + ki + 3/2),, 

Pi = kj + kk- ki+p[+ p'f l{ki - Si), 5i = or 1, 
P'i = Pi = K^i + ak-ai- ao) {ij, k = 1,2, 3) 

are non-negative integers. 

Comparing expansion ()3.105|) of integrals involving more specified triplets of the 
Gegenbauer polynomials with (j3.6(jj) . we may also write an expression for integrals 
involving triplets of special Jacobi polynomials. 



Here 



J 



ao,ao ai,ai ai,ai ao,ao 
ki k2 kz 
^ [1 + (-l)'^^]2^"°-^(ai - ao)!r(ai + 1/2) QLi r(Pa/2 + ap + 1/2) 
r(l/2)r ((fci + k2 + k3)/2 + ai + 3/2) 
r(ai + 1 + ki)T{ai + 1 + k2)T{aQ + 1 + /cs) 



r(2ai + 1 + A;i)r(2ai + 1 + k2)Ti2ao + l + k^ 
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{{ki + k2 + h)/2 + 2ai - v) 



E 



r(ao + l/2 + M)r(ai + l/2-M) 
in terms of the balanced (Saalschiitzian) 4-^3(1) type series |2S1 129j. Here 

Pi = kj + kk- ki + 2p'i, p[ = P2 = 0, P3 = ai-ao 

are integers. 
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-;f u\{ai -ao- u)\{pi/2 - m)!(p2/2 - u)\{p^/2 + - «i + u)\ 

i-ir 



(3.13) 



4. Canonical basis states and coupling coefficients of SO{n) 

The canonical basis states of the symmetric (class-one) irreducible representation / = 
for the chain SO{n) DSO(n - 1) D ■ ■ ■ dSO(3)dSO(2) are labelled by the (n - 2)-tuple 

M = (/(n-i),iV) = (/(n-1), ...,/(3),"^(2)) of integers 



l{n) > l{n-l) > ••• > ^(3) > l"^(2)| 

The dimension of representation space is 

(„) _ (2/ + n-2)(/ + n-3)! 



d 



l\{n-2)\ 



(4.1) 



(4.2) 



Special matrix elements D^j(f{g) of SO(n) irreducible representation = / 
with zero for the (n — 2)-tuple (0,...,0) depend only on the rotation (Euler) angles 
9n-i, On-2, O2, Oi (coordinates on the unit sphere Sn-i) and may be factorized as 



n-ll' 



Here -D^q^'' [g') are the matrix elements of SO(n — 1) irrep 



(4.3) 

/' (with coordinates 



on the unit sphere Sn~2)- Special matrix elements of S0(?2) {n > 3) irreducible 
representation /(„) = / with the SO(n — 1) irrep labels l(n-i) = ^' and and SO(n — 2) 
label /(n-2) = for rotation with angle 6n-i in the (x„,x„_i) plane are written in terms 
of the Gegenbauer polynomials as follows: 



l\{l - l')\{n - 3)!(r + n- 4)!(2/' + n - 3)1 
/'!(/ + /' + n-3)!(/ + n-3)! _ 

x(n/2 - 1)^,2^' sin'' ^„_iC;itr/'"'(cos^„_i), 

(see P) and corresponds to the wavefunction \E'|;,(6') : 
technique (of the type 2b, see (2.4) of 18 ) with factor 



(4.4) 

i+(n-^)/2^Q^ of the tree 



I-IW 



r((n-l)/2)v/^di; 



(n-l) 



1/2 



r(n/2) rfS") 

for appropriate normalization in the case of integration over the group volume (0 < < 
tt) with measure B^^ ((n — l)/2, 1/2) sin"~^ OdO. The remaining Euler angles are equal 
to for the matrix element ()4.4|) . In the case of SO (3), we obtain 

D'iio{O2,0i) = {-lf-^^/h%{92)e^^'\ I' = \m\, (4.5) 
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in accordance with the relation jT] between the associated Legendre polynomials PI 



and special Gegenbauer polynomials C™^^''^(a;) and the behavior of Pf^ix) under the 
reflection of m. 

The corresponding 3j-symbols for the chain SO(n) DSO(n—l) D ■■■ dSO(3)dSO(2) 
(denoted by brackets with simple subscript n and labelled by sets Ma = (/^,A^a)) may 
be factorized as follows: 




/ dgDll^,ig)Dli%ig)D-J:,ig) 



SO(n) 



{n:n—l) 




(4.6a) 



(4.66) 



n-l 



Here the isoscalar factors of 3j-symbol for the restriction SO(?t,) DSO(n — 1) are denoted 
by brackets with composite subscript {n : n — 1) and are expressed in terms of integrals 
()3.6aj) or ()3.6c|l involving triplets of the Gegenbauer polynomials, 



I' I' 



(n:n— 1) 




n-l 



X 



r((n-l)/2) 
7r5/2r(n/2) 



ll/2 3 



a=l 



1/2 



d6'(sini 



\l[+l'2+lij+n-2 



l'-+n/2-l 



COS I 



where 



. r(n:n-l) 
-'^1 -I' a 



2i^+n/2-2p^;/^ + n/2 - 1] 



(/„-/;)!(2Z. + n-2) 
{la + l'a + n-3)\ 



1/2 



(4.7) 



(4. 



are normalization factors and particular 3j-symbols 




(-1) 



1 



Tin/2) 



^ ^ (/, + n/ 2 - 1) r( J ~k + n/2 



(J + n-3)! 
{n-3)\T{J + n/2) 

1) 



=1 



4")(J-/,)! 



1/2 



(4.9) 



(vanishing for J = |(/i + /2 + ^3) half- integer) are derived in P (see also special Clebsch- 
Gordan coefficients [SlIEl)- Equation ()4.7j) together with ()3.6ajl is equivalent to the result 
of [S], but its most convenient form is obtained when the special integral is expressed 
by means of double-sum expression ()3.6cj) (for i = 1,2 or 3, minimizing ()3.7|l ). which 
ensure its finite rational structure for fixed shift |(/i + I2 — h) of parameters. In the 
case of = 0, expression ()3.106|) for special integral is more convenient, in accordance 
with [in]. In ()4.9p . J — U {i = 1,2,3) and J are non-negative integers and = J, in 
accordance with the angular momentum theory fI^ . We may take also 

= J (4.10) 
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(see |5J) for n > 4, in order to obtain the isofactors (j4.7|) positive where the maximal 
values of parameters l'^ = li,^ = I2J3 = h- 

Only by taking into account the phase factor (— of ()4.5|1 . we can obtain 
the consistent signs of the usual Wigner coefficients (3j-symbols) 



^2 ^3 



(3:2) 



of SO (3) or SU(2) (where 



\m 



and mi + m2 + 




0), with 



(4.11) 



(4.12) 



consequently appearing in ()4.7|) for n = 3.|| 

We may write (cf iSJ the following dependence between special Clebsch-Gordan 
coefficients (denoted by square brackets with subscript) and 3j-symbols of SO(n): 



h 

Ml 



k 

M2 



k 

Ms 



h 




k 




/3 





(/iMi; /2M2|(M2)^3M3)„((/i/2)/30|/i0; /2O). 



d\ 



(n) 



(4.13a) 



SO(n) 
(")/' 1^3-^3 




(4.136) 



k k k 
Ml M2 M3 

where the (n — 2)-tuple M3 is obtained from the (n — 2)-tuple M3 after reflection of the 
last parameter m^. Then in the phase system with ipn = J, we obtain the following 
relation for the isofactors of CG coefficients in the canonical basis: 



k 
k 



k k 
I' I' 

2 3 J(n:n— 1) 



-1 



d. 



in) 
h 



d: 



(n-l) 



1/2 



k k 



(4.14) 



3 / (n:?i— 1) 



which, together with (jUTj), (gS)), (jCTlll and ^Uu^ or (|3^ substituted by (|SI23, allows 
us to obtain expressions for isofactors of SO(n) DSO(ra — 1) derived in P| and satisfying 
the same phase conditions. 

However, as it was noted in JO], the choice ()4.1()|1 of ipn does not give the correct 
phases for special isofactors of SO (4) [33j in terms of 9j coefficients of SU(2) and 
for isofactors of SO(5)dSO(4), as considered in [lll|T3|22j. The contrast of the phases 
is caused by the fact that the signs of the matrix elements of infinitesimal operators 

d d 



A 



k,k-l 



Xk-1- 



k 



3,...,n, 



dxk-i " dxk 

(with exception of ^2,1) between the basis states [l] of S0(?2) in terms of Gegenbauer 
polynomials (in x^/rfc, r| = + ... + xl variables) are opposite to the signs of the 
standard (Gel'fand-Tsetlin) matrix elements [34-36]. We eliminate this difference of 
phases and our results match with the isofactors for decomposition of the general and 

II Of course, in this case the usual expressions [Tl 1241 1^ of the Clebsch-Gordan or Wigner coefficients 
of SU(2) are more preferable in comparison with equation 1)4. 7|l . 
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vector irreps m„ (g) 1 of SO(n) [Sni EZ| (specified also in [HHl EH]) after we multiply 
isofactors of CG coefficients for the restriction SO{n) DSO{n — 1) {n > 4), i.e. the 
left-hand side of dHHl), by 

(of Pni); i-e. after we omit the phase factors (—1)'^" and (— in the both auxiliary 
3j-symbols of ()4.7|1 and (— 1)'3-^3 in relation ()4.14j) . again keeping the isofactors ()4.14j] 
with the maximal values of parameters l[ = li,l'2 — ^2,^3 = h for this restriction positive. 
In the both phase systems of the factorized SO(n) CG coefficients (3j-symbols) the 
last factors coincide with the usual CG coefficients (3j-symbols) of angular momentum 
theory 



5. Semicanonical bases and coupling coefficients of SO(n) 



Furthermore, going to the semicanonical basis of the symmetric (class-one) irreducible 
representation / for the chain SO(n) DSO(n')xSO(n") DSO(n' - l)xSO(n" - 1) D • • •, 
respectively, we introduce special matrix elements -DP^,'""M" o(fi') depending only on 
the rotation angles 0'^,_i, ...9[ and 9'^„_i, ...O'l of subgroups SO(n') and SO(n") and the 
rotation angle 9c in (x^, Xn') plane, with the second matrix index taken to be zero as the 
{n — 2)-tuple (0,...,0) for scalar of SO(n — 1). These matrix elements may be factorized 
as follows: 



Y^n:n' ,n" \l 



{n')l'0,{n")l"0; (n-l)0\ 



Instead of the wavefunction ^1/^'"// 1, 



l"+n"/2-l,l'+n'/2-l. 



(2.6) of 



(l-l'-l")/2,l",l' V^c; 
) of the tree technique after renormalization with factor 

r(n72)r(n72)4"'^4'"^^'^' 



(5.1) 

(of the type 2c, see 



2r(n/2)4"^ 

for the integration over the group volume (0 < < 7r/2) with measure 

2B-\n/2, n"/2) sin""~^ 6^ cos"'"^ ^^d^c, 

we obtain special matrix elements of the SO(n) irreducible representation / in terms of 
the Jacobi polynomials 



t 



HI I 

(n')FO,(n")«"0; (n-l)O^ 



W'n'n" 



4"'^4f^r(n/2) 
c/S"^r(nV2)r(n72) 



1/2 



k r{n:n' ,n' 



X Sin'" ^^,cos'' ^^e4'!,t!';/j2''''^"'^'"'^(cos2^^. 



(5.2) 

where the left-hand SO(n')xSO(ri") labels are /', /" {f^' + f^" = ""■); the left-hand 
SO(n' — l)xSO(n" — 1) and right-hand SO(?t, — 1) labels are for rotation with angle 
6c in {xn,Xn') plane. Here phase ipn'n" = 0, unless n" = 2, or n' = 2, when the left-hand 

'''{n-2)l'0,{2)m"; {n-l)0V^c; 



side should be replaced, respectively, by t^(^J2)i'o (2)m"- (n-i)o(^c) with /" = |m"|, or by 



t 



(n)l 



with I' = \m'\ and 



{2)m',{n-2)l"0; {n-l)0\"cj 

V^n'n" = k[^n"2{i" - m") + 5„'2(^' - m')] 



Coupling coefficients of SO(n) and integrals 
on the right-hand side and normahzation factor 



.r{n:n',n") 
■'^l.l'I" 



{I + n/2 - 1) ((/ -I' - l")/2)\T {{I + + + n- 2)/2) 



1/2 



r ((/ - /' + /" + n")/2) r ((/ + /' - /" + n')/2) 

The 3j-symbols for the chain SO(n) DSO(n')xSO(n") DSO(n'-l)xSO(n"-l) D 
labelled by the sets Mj = I'-, N") may be factorized as follows: 
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(5.3) 



^1 h h 
Ml Ms M3 



1'2 



v. 



K N!, 



(n:n'n") 
^1 ^2 ^3 I 

N'i)^,f 

Now the SO(ri) DSO(ri') xSO(n") isofactor of 3j-symbol is expressed as follows: 

/ 



(5.4) 



h h h 

ll,ll ^2 ^3' ^3 



{n:n'n") 











II 111 

2 '3 







n" a=l 



An') An") 

LLit iliii 

''n I' ft 



d 



(n) 

■la 



1/2 



xB^'^{n'/2,n"/2)X 



(5.5) 



ao,/5o ai,/5i 0^2, /52 03, /33 

/Ci /C2 /C3 

in terms of auxiliary 3j-symbols fl4.9|) of the canonical bases [turning into phase factors 
of the type 14.121 for n' = 2 or n" = 2] , normalization factors (j5.3p and the integrals 
involving triplets of Jacobi polynomials ()3.2a|) - ()3.2e|) . with parameters 



"0 



n"/2 - 1, po = n'/2 - 1 



A = /■ + n'/2 - 1, 



and 



Pi — 2^^j ~^ h)^ 

Pi = \{lj + lk-k) (i, = 1,2,3). 

The number of terms in expansion ()3.2e|) of integrals involving triplets of Jacobi 
polynomials never exceeds 

= min (|(p, + 1)3, {p'l + l){k, + l){ku + 1), + l){pi + 1)2)) (5.6a) 

and decreases in the intermediate region (e.g., when p'l < p^ + l), described by the volume 
of the obliquely truncated rectangular parallelepiped of {p'l + 1) x {kj + 1) x {kk + 1) 
size. 

In particular, in the case of n" = 2 parameters I2, 1'l in 3j-symbol ()5.5|1 should 
be replaced by m'[ = ±l'(,m2 = ±l2,m'^ = i/g so that m" + m'2 + m'g = 0. Hence at 
least one parameter p'l, = and the number of terms in the i'th double sum version of 
(|3.2ep [related to (|3.3ap and to the Kampe de Feriet [20] function ^2^.-^^] does not exceed 



mm 



m[l{pi, + l)2,{kj' + l){kk' + 1)) 



{5.6b) 
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although for small values of Pi so that Bi < Bii the ith version of (j3.2ep or ()3.36|) may 
be more preferable. 

We may also express the isofactors of the CG coefficients for restriction 
SO(n) DSO(n') xSO(n") in terms of the isofactors of 3j-symbols, 



V 1" V 1" V 1 



-1^ 



(n:n'n") 



"is 



,(n') ,(n") 
Ll]/ LI]// 
■ '3 '3 ■ 



1/2, 



V 1" V 1" V 1" I 



(5.7) 



with the phase = (since h — l'^ — I'l is even), when tpni f'n','ipn" are taken to be equal 
to J, J', J", respectively, in all the auxiliary 3j-symbols fl4.9|) . in contrast to 

appearing when ipn is taken to be zero for n > 4. Again we need to replace, 
respectively, for n" = 2 parameters /2 , ^3 on the left-hand side by m'l, 1712,171'^ so 



that /'/ 



\m 



1 h ''2 



to 



l^2M3 



(with m'l + 1712 



and in the right-hand side 



by m'l, 7712, —m'^, "^^11 for n' = 2 parameters l[,l'2,l'3 on the left-hand side by 
m[, m'2, m'^ so that l[ = \m[\, [2 = \i7i2\, l'^ = \i7i'^\ {m[ + m'2 = m'^) and on the right-hand 
side by m[,m'2, —m'^- 

Regarding the different triple-sum versions ()3.6aj) - ()3.6dj) of integrals involving 
triplets of Gegenbauer and Jacobi polynomials and comparing expressions (j5.5j) and 
()4.7|) . we derive the following duplication relation between the generic SO(n) DSO(n — 1) 
and special S0(2ra + 2) DSO{n — l)xSO(n — 1) isofactors of the 3j-symbols: 

/ 2/1 2/2 2/3 \ / 2/1 2/2 '^^ ' 

, 



/' /' /' /' /' /' 

'■l)''! '■25 '■2 ''3' ''3 



(2?i-2;n-l,n-l) 



'2n-2 




I'. 



"-3 






(5.8) 



n 

n-l a=l 

with auxiliary 3j-symbols ()4.9|) of the canonical bases and the irrep dimensions 
appearing. 



6. Basis states and coupling coefficients of the class-two (mixed tensor) 
representations of \J{n) 

Mixed tensor irreducible representations [p + q, g""^, 0] = [p, 0, —q] of \J{n) containing 
scalar irrep [q"''^] = [0] of subgroup U^n — 1) (with repeating zeros denoted by 
0) are called class-two irreps ^)\ HT] : their canonical basis states for the chain 
U(n)DU(n - 1)xU(1)d ■ ■ ■ dU(2) xU(l) dU(1) are labelled by the set 

Qin) = {p(n^l),q(n~iy,Qin-l)) = (p(n-l) , ^{n-l) ; P(n-2) , '?{n-2) ; • • • , P{2) , 5(2) ; ) , 

where 

P = P{n) > P{n-i) > ■■■ > P{2) > and q = q^n) > q(n-i) > ••• > g(2) > 
are integers, with p(2) > P(i) > —q{2) in addition, and parameters 

M(i) = M(2) = P(2) - q{2) - P(l), M(^r) = P{r) " q{r) " P(r-l) + g(r-l) 
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which correspond to irreps of subgroups U(l), beginning from the last one. 
The dimension of representation space is 

,{n) _ (p + q + n-l){p+ l)n-2(g + l)n-2 ^ x 

Vo,-</l (n-l)!(n-2)! ' ^ ' 

Special matrix elements -Dq'^'°'o^^^(5') of U(n) irrep \p,0,—q\ with zero as the 
second index for the scalar of subgroup U(n — 1) depend only on the rotation angles 
</?n, ^2, V'l) where 0< < 2ti corresponds to the ith diagonal subgroup U(l) 

{i = 1,2, and 6'„, 6'„-i, 6*3, 6*2, where < 9r < 7r/2, corresponds to the 

transformation 

cos Or 1 sin 6r 
1 sin 6r cos 6r 

in the plane of (r — l)st and rth coordinates (r = 2,3, ...,n) and may be factorized as 
follows: 



-^Q(„);0 [9) - e 



\9') (6.2) 
with appropriate normalization in the case of integration over the group volume with 



measure 



7^ n sin^"""^ COS e^d^, n d ■ 

r=2 i=l 



27r^ 



Here ^^^'.q ^'((7') are the matrix elements of U(n — 1) irrep [p', 0, — 5''] = 
[P(ri-i)iOi ~Q'(n-i)] (with parameters obtained after omitting (/?„ and On)- Special matrix 
elements of U(r) irreducible representation [p, 0, — g] with the U(r — 1) irrep labels 
[p', 0, — g'] and and SU(r — 2) irrep label for rotation with angle Or in the [xr, Xr-i) 
plane are written in terms of the D-matrices of SU(2) as follows: 



i'St;lo;o(W=[(P + 'J + '--l)^.A 

x(,sine,)-«p,955+;;?^|^,,_^_„,_,i^,_,,(cos29,) (6.3) 

and further, taking into account the identity -P4,n(^) = -P-n,-m(^)' terms of the 
Jacobi polynomials 

X (i Sin OrY^'^' (cos e,) l^lpi^'+'-''l''')(cos 20r) , 



(r-1) 



1/2 



fr- 



(r) 



-1/2 



(6.4) 



where 



and 

Kfr\pfl-q] 



= min(p — p' , q — q') , M = p — q— p' + q', L' = p' + q' 



1/2 



{p + q + r - l)K\{p + q + r - 2- K)\' 
(|M| + K)\{p + q + r~2-\M\- K)\ 

'{p + q + r- 1)K\{L' + r - 2 + \M\ + K)\^^^^ 
{\M\ + K)\{L' + r - 2 + K)\ _ 



(6.5a) 
(6.5&) 
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Factor i^'"'"''', also appeared in j^T] (but was absent in the generic expressions of D-matrix 
elements I42j ) . ensures the complex conjugation relation 



D 



r[p,0,-g] 



D 



in accordance with the SU(2) case and the system of phases of Baird and Biedenharn 
j4.3J , which is correlated to the positive signs of the Gel'fand-Tsetlin matrix elements 
[35, Snmil of the U(n) generators -Er-.r-i- Alternatively, the states ^'p'+g',p+g,M(6'r), as 
defined in ^ IIHI and related to the hyperspherical harmonics, correspond to the Jacobi 
polynomials with interchanged parameters a and /3. Hence the variables are mutually 
reflected [here and in |l[|in] as cos 26',, and (— cos2^r)]- 

Using the integration over group (cf |SEl HOI ESI), the corresponding 3j-symbols of 
the class-two irreps for the chain U(n) DU(n — l)xU(l) D ■ ■ ■ dU(2)xU(1) DU(1) may 
be factorized as follows: 



E 



[pi,6,-gi] [p2,0,-g2] [P3, 0,-^3] 



Q\(n) 



X 



Q2{n) Qsin) ) ^ 

[pi,6, -gi] [P2, 0,-^2] [P3, 6,-^3] 

[6] [6] [6] 



(6.7a) 



U(n) 



^Pl +P2+P3, 91 +92+93 ( 



.^+p^+Xl+i^2+X3^^ _ -I N|-l/2 



1)- 



X 



a=l 
Xj 

P' 



■n[pa,6,-(jra] 
[P'a:6-9^.] 



d 



(n-l) 



(n) 



[P'a-0 -9^,] V [Pa,0 -ga] 



1/2 



0,n-2 |Mi|,L;+n-2 |M2|,L'2+n-2 |M3|,L'3+n-2 

K2 K, 

'[p'i,0,-q'i] [P2,0,-g^] [p'3,6,-g^] y' 

<5i(n) Q2(n) <53(n) 



X 



(6.7&) 



n-l 



[K,6,-gl] [p'2,0,-g^] [pJi,6,-g^] 
[6] [6] [6] 

Here p and p' are the multiplicity labels of the U(n) and U{n — 1) scalars in the 
decompositions [pi,6,-gi] (g) [p2, 0,-^2] ® [ps, 0,-^3] and [pi,6, -g^] (g) [^2,6, -ga] (8) 
[p3,0, — g3]. The integral involving the product of three Jacobi polynomials that 
appeared in ()6.75|) also corresponds to the S0(2n) DS0(2n — 2)xSO(2) isofactor of 
3j-symbol 

/ Pi + qi P2 + g2 J33 + ga \ 
[p[+q[,M^ p', + q'„M2 P'3 + ?3>M3y'(,„^,„_,^,/ 

considered in previous section and may be expressed (after some permutation of 
parameters) as double sum by means of (j3.3aj) or ()3.3&|) . For normalization of the 
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corresponding 3j-symbols of l]{n) DU(n — 1) we may use square root of 



E 



bi,0, -gi] [p2,0,-q2\ [P3, 0,-53] \ 

[0] [0] [6] 

X ^_]^ynin(pi,gi)+min(p2,g2)+min(p3,i}3) 



5, 



pi +P2 +P3 ,91 +'72+93 



(n- l)![(n-2)!]' 



xJ 



(6. 



0,n-2 |pi-gi|,n-2 |p2-g2|,n-2 \p3-q3\,n-2 
min (pi , gi ) min (p2 , q2 ) min (ps , ga ) 

with non-vanishing extreme 3j-symbols in the left-hand side for a single value of the 
multiplicity label p, which is not correlated with the canonical [46-48] and other (see 
[49-51]) external labeling schemata of the coupling coefficients of U(n). In contrast 
to the particular 3j-symbols ()4.9j) of SO(?t,), equation ()(i.8|l is summable only in the 
multiplicity-free cases. In addition to three double-sum versions of (HO^ and (lO^ . 
integral on the right-hand side of ()6.8|1 also may be expressed as three different double- 
sum series by means of ()3.2ep . taking into account the symmetry relation ()3.26|) . Of 
course, ()6.8p is always positive as an analogue of denominator function of the SU(3) 
canonical tensor operators [46-48, 52]. 

Taking into account ()6.6p we may also obtain expression for the Clebsch-Gordan 
coefficients of class-two representation of U(n) 



E 



[pi,6,-gi] [P2, 0,-^2] 

Ql(n) Q2{n) 



[P, 0, -g] 

Q(n) 



X 



[pi,6, -gi] [P2,0, -g2] 
[0] [0] 



[p,0, -g] 
[6] 

"[P2,6,-g2] / 



^n[p,0,-q] , 



(6.9) 



U(n) 



with the integrals involving the product of three Jacobi polynomials and the CG 
coefficients of U(n — 1) of the same type and some phase and irrep dimension factors. 
Particularly, we obtain the following expression for isofactors of special SU(3) Clebsch- 
Gordan coefficients (which perform the coupling of the SU(3)-hyperspherical harmonics): 



{a'h') 
(z')i' 



a"b") iab)o 

iz)t 



:z")t' 



Sa'+a"-a,b'+b"-b{ — ^) 



i'+i"-i+Kx+K2-K 



{2i' + l){2i" + I) 
{2i + l) d!'(^a'b')'^\d"b") 



1/2 



X 



^ -j^ ^min(a',fe')+min(a",6")+min(a,fc) 



min(a', U) + 1) (min(a", h") + 1) (min(a, h) + 1) 

n ^ -1/2 



0,1 \a'-h'll |a"-6"|,l |a-6|,l 
min(a', h') min(a", h") min(a, h) 



X X 



'3[a',0,-fe'] ^^3[a",0,-6"] 



■3[a,0,-6] 

I' -z'-i' -z'\' • \i"-z",-i"-z"\-' • \i-z,-i-z] 



i' l" i 

z' z" z 
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xX 



0,1 IM'I 



,2i' + l 
K' 



\M"l2i" + 1 
K" 

i,h — 



|M|,22 + 1 
K 



(6.10) 



Here M = a — h + 2z, K = min(a + z — i,b — z — i) in the notation of |49| 1^ , with (a b) 
for the mixed tensor irreps, where a = p(3) , b = g(3) and the basis states are labelled by 
the isospin i = |(p(2) + 9(2)), its projection iz = P(i) — |(p(2) — ?(2)) and the parameter 



» — a — 



) - |l/ = |(?(2) -P{2)) instead of the hypercharge y = P(2) -^(2) - f (P{3) -^(3) 



7. Concluding remarks 



In this paper, we reconsidered the 3j-symbols and Clebsch-Gordan coefficients of the 
orthogonal SO{n) and unitary U{n) groups for all three representations corresponding 
to the (ultra) spherical or hyperspherical harmonics of these groups (i.e. irreps induced 
by the scalar representations of the SO(n — 1) and U(n — 1) subgroups, respectively). 
For the corresponding isoscalar factors of the 3j-symbols and coupling coefficients, the 
ordinary integrations involving triplets of the Gegenbauer and the Jacobi polynomials 
yield the most symmetric triple-sum expressions, however without the apparent triangle 
conditions. These conditions are visible and efficient only in expressions of the 
type P US] derived after complicated analytical continuation procedure of special 
Sp(4)DSU(2)xSU(2) isofactors (cf OHI!). Actually, only for a fixed integer shift 
parameter pi = |(/j + h — h) it is evident that the corresponding integrals involving 
triplets of the Gegenbauer and the Jacobi polynomials are rational functions of remaining 
parameters. Practically, the concept of the canonical unit tensor operators (see section 
21 of chapter 3 of j^) for symmetric irreps of SO(n) may be formulated only under 
such a condition. 

Similarly as special terminating double-hypergeometric series of Kampe de 
Feriet-type [19-21, 53] correspond to the stretched 9j coefficients of SU(2), the 
definite terminating triple-hypergeometric series correspond either to the semistretched 
isofactors of the second kind ^3] of Sp(4), or to the isofactors of the symmetric irreps of 
the orthogonal group SO(n) in the canonical and semicanonical (tree type) bases. Our 
relation ()2.6a|) - ()2.6c|) (which is significant within the framework of Sp(4) isofactors) is 
a triple-sum generalization of transformation formula (9) of [21] for terminating -FiVi^'i 
Kampe de Feriet series with a fixed single-integer non-positive parameter, restricting all 
summation parameters. (This restriction is hidden in equation ()2.7a|l - (j2.7&|l . rearranged 
for the aims of section 3.) Relations ()2.(iajl - ()2.(icj) . with intermediate formula (j2.6?)j) . were 
derived using the transformation formulae 1^ of the double series, treated as the 
stretched 9j coefficients. The relation ()3.2cj) - ()3.2ej) (important within the framework 
of SO(n) isofactors) cannot be associated with any transformation formula |21^ for 
terminating -Fj^.f f Kampe de Feriet series with the same (single or double) parameters, 
restricting summation. 

The wish may arise to prove identity ()3.2c|) - ()3.2e|) by a direct transformation 
procedure, without using auxiliary rearrangement of section 2. Initially, the relation 
between ()3.2cj) and analytical continuation of ()2.66|) (with the same three parameters 
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restricting summation in the both cases) may be proved, using composition of 
transformation formulae of section III of [21] for the double sum over Zj and in ()3.2cj] 
as terminating -Fi-f/i^ series into terminating -^0^2^,2 series. Furthermore, the double sum 
version of relation between ()3.2ep (e.g. for = = 0) and the result of previous step 
need to be considered. Both the sums over zi (for ao and Pq integers) can be recognized in 
the same Clebsch-Gordan coefficient of SU(2). Hence, the identity between two 3-^2(1) 
series [2111211 Ell i^^^ arbitrary and Pq) induces the identity between the terminating 
double series. In its turn, inserting the latter one induces the identity between the 
terminating triple series, in which parameters restricting summation coincide only in 
part. Direct transformation of single 3-^2(1) series [2H1 1201 IM] is useless for proof of 
identities and (IT^ - dT^ . 

Expressions ()2.6ajl and ()2.6c|l corresponding to special Sp(4) isofactors are 
summable or turn into the terminating Kampe de Feriet [2II1 12] series ^2^;^ for extreme 
basis states of Sp(4)DSU(2) xSU(2). Alternatively, in accordance with ()3.6c|) and ()3.2e|) . 
the expressions for special isofactors of SO{n) and SU(n) are summable in the case of the 
stretched couplings of the group representations and turn into the terminating Kampe de 
Feriet series ^2^.^ for the irreps of subgroups in a stretched situation, including the generic 
cases for restrictions SO(n) DSO(n - 1), SO{n) DSO{n - 2) xS0(2) and U(n) DU(n - 1). 
Taking into account the fact that the Fg^;^^ type series with five independent parameters 
also appeared as the denominator (normalization) functions of the SU(3) and Uq{3) 
canonical tensor operators [46-48] (cf (2.8) and section II of |52j), the g-extension of 
relation ()3.3ajl - ()3.36|l from the classical SU(n) case may be suspected. 

In our next paper [53], the fourfold [13 ISO] and (corrected) |16j triple-sum 
expressions for the recoupling (6Z) coefficients of symmetric irreps of SO(n) will be 
rearranged into the double type series. 



Appendix A. Special cases of triple-sums in 11 j coefficients 



Rearranging ()3.12|) in inverse order that was used for transition from ()2.6aj) through 
()2.7aj) to ()3.2c|l . we derived an expression for special triple sum of the type ()2.2j) with 
the coinciding two first rows of the corresponding array, 





Jl 


Jl 


Jl 




Jl 


Jl 


Jl 


2K^ 


j' 


j' 


j' 



,y (2j- + 1)!(2jT-j-)!,^^,,3 
(-1)^=^ {-Jl - W + 53)/2),, 



1)!?'! 



X 



i-j' + 1/2).. 

' {j^l + {j^ + Sa)/2 + l),Jj- 

x[[- 



a=l 



(j" + 3/2),. 



X3 

1(61 + 62-63) 
Ki+f-ELii^'^ 

l{j^ + Sa)\ 



(A.i; 
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with 6i = or 1, so that Jl — (j* + 5j)/2 {i = 1, 2, 3) are integers. 

Furthermore, similarly rearranging ()3.13|) . we derived an expression for special 
triple-sum S[---] of the type ()2.2j) with the coinciding two first rows and jl = jf, jf = Ki. 



Ji 
Ji 



jI j! 
jI j! 



2jr f J f 



{2j! - 2j|)!r(i/2)r ((ji + f + f + 1)/2 - jf) nLi r^- 



E 



X 



24,?+3 ^3^^ r {jf + (ji + f + f + 3)/2 - J-) 
(2jj + + m2jl+f + l)!(2jf + 1)! 
s\{2j! - 2jI - .)! (j! + (ji - f - j3)/2 - 5)! 

f - - s)\ {2jI - jf + if - ji - f)/2 + s)\ 



(jf + if 



l/2),r(2jf + 3/2-s) 



(2j! - jf + if + f + f)/2 + s + 1)! • ^^■'^^ 
Although this sum again corresponds to the balanced (Saalschiitzian) 4-^3(1) type series 
[2H1 I2nj, it is not alternating (since it includes even numbers of gamma functions 
or factorials in numerator and denominator) and cannot be associated with the 6j 
coefficients of SU(2). Note, that the summable case of ()A.2j) with jf = j\ corresponds 
to (41) of 



Appendix B. On elementary proof of (13.2 ej) 



Expression ()3.2dj) for the integrals involving the product of three Jacobi polynomials 
may be rearranged straightforwardly, without any allusion to special isofactors of Sp(4). 
For this purpose we apply the symmetry relation ()3.2aj) - ()3.26|) (i.e. interchange and 



/3a 



0,1,2,3) to (jS23)- When and /3o are integers, the 3-^2(1) type sums over 



Zi in modified expressions ()3.2dj) and ()3.2e|) correspond to the CG coefficients of SU(2) 
with the equivalent Regge 3x3 symbols 



ki 

p'i+Pi + kj + kk- 

Pi + Oii 



ki + ai + /3i 

■Zk Pi 

Pi + kj + kk-Zj-Zk 



Pi Zj Zk 

ki + ai 

ki + Pi 



(B.l) 



and 



Pi Zj Zk 
ki + Pi 

ki + ai 



ki 

Pi + tti 



ki + ai + Pi 
p'i + kj + kk-Zj-Zk , (B.2) 
p'i+Pi + kj + kk-Zj-Zk pI 

expressed in the both cases by means of (15.1c) of Jucys and Bandzaitis [211 [^^^ ^^^^ (7) 
of section 8.2 of but with hidden triangular conditions in the first case. For possible 
non-integer values of ao and/or /5o, the doubts as to the equivalence of these finite 
3^2(1) series may be caused by the absence of mutually coinciding integer parameters 



\ki in ()3.2d|) and min(pj 



Zk,Pi) as triangular conditions in ()3.2e|) . respectively] 
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restricting summation over Zi, unless equation (15. Id) of [21] (together with possible 
inversion of summation) is used for the CG coefficient of SU(2) with Regge symbol 
flB.2|l . Note that the proof of relation between the corresponding finite 3^2(1) series 
in ()3.2dj) and ()3.2e|) based on composition of Thomae's transformation formulae (see 
|28| E9ij) or their Whipple's specifications for single restricting parameter (see j2HlEl]) 
is rather complicated. 
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